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I N T R O D U C T I O N  

Godunov and Kozin [1] inves t igated the s t ruc tu re  of shock waves  in a v i s c o e l a s t i c  medium c h a r a c t e r i z e d  
by a re laxat ion  t ime  r of tangent ia l  s t r e s s e s  and an equation of the medium of spec ia l  form.  The f o r m  of 
the equation of s tate  was dictated by cons idera t ions  of convenience of the cons t ruc t ion  of in terpolat ion fo rmulas .  
In the p resen t  paper  r e s t r i c t i ons  on the equation of s ta te  of  genera l  f o r m  are formula ted .  

1 .  E q u a t i o n  o f  E l a s t i c  E n e r g y  

We cons ider  an i so t ropie  medium with an internal  energy  density given by the equation 

E = E(k 1, k2, k~, S), (1.1) 

where E is a s y m m e t r i c  function of the speci f ic  elongations k i > 0 ( i=1 ,  2, 3) along the pr incipal  axes of s t ra in ,  
and S is the en t ropy pe r  unit m a s s .  We as sume  that (1.1) sa t i s f i e s  the following conditions: 

T : E s > O ,  r klE~'--k~Eh" > 0 ;  (1.2) 
k~ -- k 2 

(1.3) 
g 

= ~ ~ -  ~%~ -r y k~k~,~  + ~ -  k~E~, > 0. (1.4) 

Since E is s y m m e t r i c  along k i, s i m i l a r  inequali t ies  can be obtained f r o m  (1.2)-(1.4) by cycl ic  p e r m u t a -  
t ion of the k i. As a consequence of inequali t ies (1.2)-(1.4) and the s y m m e t r y  of l~ the re  are  inequali t ies for  
]~(ki, k2, k3, S) for  un i form elongations in all d i rec t ions ,  i .e. ,  k l---k 2 = k ~ = k .  These  inequali t ies have the f o r m  

Hencefor th  the in ternal  ene rgy  E will be a s sumed  to be a function of the p a r a m e t e r s  if, fl, and y ,  r e p r e s e n t -  
ing the logar i thms  of  the specif ic  elongations along the pr inc ipa l  axes of  s t ra in  

a ---- Ink,, ~ = ]nk,, 7 ~ In k3, E =E(~, ,6, 7, S). (1.6) 

In this  case  inequali t ies (1.2)-(1.4) have the f o r m  

T -= E~ > O, r = (E~ - -  Ef~)/(a -- ~) > 0; (1.7) 

~ 0 c ' = E a a - - E ~ > 0 , 1 = E a s <  , I (1.8) 
g = E~t~ --  Ea~ - -  Ec~s (E~ --- E~)/Es < 0; ] 

q = E ~  --  3 E ~  + 2E~ < 0, (t/3) E ~  + (2/3) E ~  --  E~ > 0. (1.9) 

2 .  S t r u c t u r e  o f  S h o c k  W a v e s  

The dif ferent ia l  equations descr ib ing  the motion of a v i scoe las t i c  medium pa ra l l e l  to the x axis in (x, y, 
z) space  have the f o r m  [1] 
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oo + o o u _  opt, o ( o u ~ - % )  _ O ,  ] 
o--i- - ~  - O, T i  -~ oz 

i 

Op (E +Ot u2/2) ---t- 0 . . . .  [pu  (E + 0"~-u2/2)------ a x u  =- O, ] (2.1) 

I ot~ _ o~ 1 3 - - ( ~ + 1 ~ + ~ , ) / 3  -~- -t- u ~ =  - -  ~ , 

w h e r e  x and t a r e  s p a c e  and t i m e  c o o r d i n a t e s ,  u i s  the  v e l o c i t y  o f  the  m e d i u m  a long the  x a x i s ,  and P=Po" 
e - a - f l - Y  . B e c a u s e  of  t he  i s o t r o p y  of  the  m e d i u m / 3 =  3'. The  q u a n t i t y  p 0 is  the  d e n s i t y  of  the  m e d i u m  u n d e r  
n o r m a l  c o n d i t i o n s .  The  p r i n c i p a l  s t r e s s e s  ~x, ey ,  and cr z a long the  x,  y,  and z axes  a r e  r e l a t e d  to  the  s t r a i n s  

by  the  e x p r e s s i o n s  

~x = pE~., 6 v = pE~, ~z = PEr �9 

As shown in [1], the  p r o b l e m  of  the  s t r u c t u r e  of  s h o c k  w a v e s  [ so lu t ions  of  s y s t e m  (2.1) o f  the  f o r m  ~ = ~  ( x - U t ) ,  
/3 = y =/3 ( x -  Ut) ,  S = S ( x -  Ut) ] r e d u c e s  to  the  p r o b l e m  of  so lv ing  the  e q u a t i o n s  

(r:~+po = w'~(o - -  Vo), E - -  E o ,~ l(Po - -  c~)/2l(v - -  vo)= 0, [~ = 1' (2.2) 

and the  q u a d r a t u r e  

dx/d~ = 3~w/p(ct - -  ~), (2.3) 

w h e r e  P0, P0, E0, and u 0 c h a r a c t e r i z e  the  s t a t e  o f  the  m a t e r i a l  in f ron t  o f  the  wave ,  w=P0U 0 i s  the  m a s s  v e l o c i t y ,  
and v = 1 / p .  The  c h a r a c t e r i s t i c  r e l a x a t i o n  t i m e  r of  s t r e s s e s  r e s u l t i n g f r o m p l a s t i c d e f o r m a t i o n s  d e p e n d s  on 

the  s t a t e  of  s t r e s s  o f  the  m e d i u m .  

S y s t e m  (2.2) d e t e r m i n e s  a c u r v e  in (~ , /3 ,  S) s p a c e  which  we c a l l ,  as  in [1], the  c u r v e  of  p o s s i b l e  s t a t e s .  
C a l c u l a t i o n s  p e r f o r m e d  in [1] fo r  e q u a t i o n s  of  s t a t e  of  t he  f o r m  

t 2 2 E = E (v, D, S), D : -:g (di + d2 + d]), d~ = ~ - -  (~ + [~ + ~)/3, 

d2 = [I - -  (a + [~ + ~)/3, d~ = 7 - -  (a + p + 1')/3 

showed  tha t  the  c u r v e  of  p o s s i b l e  s t a t e s  is  a s m o o t h  c u r v e  c onne c t i ng  the  s t a t e s  (o~0=fl 0, S 0) and (oq = / ~ ,  S1) 
in f ront  of  and behind  the  wave ,  r e s p e c t i v e l y .  

F o r  M0= [w ]/p0c0 > 1, w h e r e  c 0 is  the  s p e e d  of  sound  (1.8), the  shock  wave  c o n t a i n s  an e l a s t i c  j ump  ( p r e -  
c u r s o r )  which  is d e t e r m i n e d  by the  s u b s i d i a r y  r e l a t i o n  /3 =~0 and is  l o c a t e d  in f ron t  o f  the  p l a s t i c  wave  a r i s i n g  
on the  p r o f i l e  as  a r e s u l t  o f  the  n o n l i n e a r  dependence  on the m a t e r i a l  p a r a m e t e r s .  C a l c u l a t i o n s  showed  tha t  
the  e n t r o p y  S and the  va lue  of /3  on the  wave  i n c r e a s e  m o n o t o n i c a l l y .  I t  w i l l  be shown be low tha t  the  p ro f i l e  
has  a s i m i l a r  s t r u c t u r e  fo r  m e d i a  wi th  an equa t ion  of  s t a t e  (1 .6)- (1 .9) ,  which  m e a n s  a l so  fo r  (1 .1)-(1 .4) ,  

3 .  P r o p e r t i e s  o f  t h e  C u r v e  o f  P o s s i b l e  S t a t e s  

Le t  us  c o n s i d e r  the  func t ions  s = ( p - p 0 ) / ( V o - V ) ,  H = E - E 0  + ( p + p 0 ) ( v - v o ) / 2 ,  p = - ( r x = - P E o t ,  v=v0e  ~ +/3 +3,. 

The  d i f f e r e n t i a l s  of  t h e s e  func t ions  have the  f o r m  

dv = v(da + d D + d'~), 

d p =  --p%~dv -}- p ( E ~  - -  Ea~)d[J -}-p(Eav - -  E . a ) d ?  + OE~sdS,  

ds ---- [(vo - -  v)dp + (p - -  po)dvl/(v - -  Vo) ~, 

d H  = T d S  + (Ef~ - -  Z~)d~ + (E.~ - -  E,)d1, - -  (l/2)(v - -  Vo)~d.~. 

We w r i t e  the  c u r v e  of p o s s i b l e  s t a t e s  (2.2), wh ich  is  g iven  by the  equa t ion  H = 0 ,  s =w 2, /3 =3,, in p a r a m e t r i c  
f o r m  ce =ce(v), fl =f i  (v), S =S(v) .  Then  the  d i f f e r e n t i a l  equa t i ons  of  the  c u r v e  of  p o s s i b l e  s t a t e s  have the  f o r m  

d~d__.ff = P - -  --~-'-Pc2 (M 2 _ 1), ~ (Vo) = In ~vo--~,  ) 

d[3 _ pc~ (M ~ _ i),  13 (Vo) = In ~/vo/v ~ }1 (3.1) 
ou g 
dS Pc2 "~ E~)(I  M2),  S (vo) =- S o, 

w h e r e  the  M a t h  n u m b e r  M = [ w [ / p c .  It fo l lows  f r o m  (3.1) tha t  a long  the  c u r v e  of  p o s s i b l e  s t a t e s  

dp2c2/dv = pa[q + (c~(M - . _ l)/g)(Er - -  E ~  " E c ,  f~ + E ~  - -  (Ef~ E ~ ) ( E ~  s - -  E~s))l. (3.2) 
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Let  us e s t ab l i sh  c e r t a i n  p r o p e r t i e s  of  the cu rve  of  poss ib le  s t a t e s .  

A. The s ta te  of  the m a t e r i a l  behind and in f ront  of  the wave sa t i s f i e s  the following condi t ions  [1]: 

Ex - -  Eo + (p~ + Po) (v l  - -  vo)/2 : 0,  p~ - -  Po : :  - -  w2 (vx - -  v0), / ( 3 . 3 )  
�9 3 i - - -  3 / - - -  ] a l = [ ~ l : = y l = l n ~  va/v ~ s o = [~o = yo = in v volv o 

the s u b s c r i p t s  1 and 0 c o r r e s p o n d  to the beginning and end of  the wave.  Since Eqs .  (3.3) a re  the o r d i n a r y  g a s -  
dynamic  re l a t ions ,  condi t ions  (1.5) are  suff ic ient  to ensu re  a unique solut ion o f  (3.3) (vl, S 0 ~ (v0, S 0) f o r  given 
va lues  of  v0, S 0, and w [2]. This  impl ies  that  the cu rve  of  poss ib le  s t a t es  has  two and only two points  o f  i n t e r -  
sec t ion  with the plane ~ =/3 in (o~, /3, 8) space  c o r r e s p o n d i n g  to the init ial  and final  s t a t e s  of  the shock  wave 
fo r  a given w. 

B. We cal l  the point Z* = ( a * , / 3 * ,  S*) on the cu rve  of  poss ib le  s t a t e s  at which M = I ,  i .e. ,  [w[  =pc,  the 
c r i t i c a l  point .  It follows f r o m  (3.2) tha t  at the c r i t i c a l  point 

d(p".c~.)/dv _ paq < O, dMO'/dv > 0, (3.4) 

i .e . ,  the value o f  M 2 - 1 is i nc rea s ing .  It follows f r o m  (3.1) that  d f l / d v = d S / d v  =0 at M s =1; i .e. ,  /~(v) and 8(v) 
at the c r i t i c a l  point cease  to be monoton ic  funct ions .  

C. We c o n s i d e r  a por t ion  of  the curve  of  poss ib le  s t a t e s  fo r  the in te rva l  v <v <v+. If  M2(v+)<1, M2(v)< 
1 for  the whole in te rva l  ( v ,  v+). If  this  were  not the case ,  t h e r e  would be a point v*, v <-v*-<v+, at which 
MS(v *) =1,  dMS(v*)/dv < 0, which would con t rad ic t  (3.4). 

D. Final ly ,  the cu rve  of  poss ib le  s t a t e s  is a s imple  curve  in (a,  /3, S) space ;  i .e. ,  

0 < (da/dv) 2 --}- (d~/dv) 2 + ( d S l d v ) ' <  oo. (3.5) 

By v i r tue  of  (3.1) the v io la t ion  of inequal i ty  (3.5) would con t rad ic t  (1.7) and (1.8). 

4 .  C o n s t r u c t i o n  o f  t h e  W a v e  P r o f i l e  

We c o n s i d e r  f i r s t  the case  M 0 = [ w [/P0c0 < 1, i .e . ,  the subson ic  case  of  the propaga t ion  o f  a shock  wave.  
Let  v 0 > v I be the va lues  o f  v c o r r e s p o n d i n g  to the beginning and end of  the shock  wave.  Since M02= M2(vo) < 1, 
as shown in case  C, M 2 <1 e v e r y w h e r e  in the in te rva l  v 1 <v <v 0. A c c o r d i n g  to (3.1) and (1.8) this  impl ies  tha t  
d/3/dv > 0, i .e . ,  /3(v) is a mono ton ica l ly  i nc r ea s ing  function.  F o r  v 1 <v < v 0 a por t ion  of  the cu rve  of  poss ib le  
s t a t es  l ies  on one side of  the plane fl =o~ in (~, /3, 8) space  (case A). Fol lowing [1] we expand the curve  of p o s -  
s ible s t a t es  in the ne ighborhood  of  the point  (no=/3  o, 80). We obtain 

It fol lows f r o m  (1.9) that  2/a ( ro /3=Eo~) /co  2 +1 =a~/c0' >0. s ince  M02>a~/c~, (d/3/dv) 0 >0, it fol lows that  f l -  a -> 
0 in the neighbol 'hood of  v~ v~ which means  that  fl~-a e v e r y w h e r e  in the in te rva l  v 1 -< v-< v 0. We conclude f r o m  
(3.1) and (1.7) that  d S / d v -  < 0 for  v!-< v -  < v0; i .e . ,  8(v) is a monoton ic  function.  Under  these  condi t ions  the quad-  
r a t u r e  (2.3) d e t e r m i n e s  the p a r a m e t e r  x =x(/3)  as a monoton ic  function of /3 ,  which means  x(v) is a lso  a m o n o -  
ton ic  funct ion.  

We tu rn  to the s u p e r s o n i c  case  when M 0 = [ w [/P0C0 >1. As shown in [1] it is imposs ib le  to c o n s t r u c t  a 
smoo th  solut ion for  the shock  wave in this  c a s e .  The s a m e  is t rue  also fo r  an equat ion of  s ta te  E(~,  fl, y, S) 
of  g e n e r a l  f o rm.  Fol lowing [1] we in t roduce  an e l a s t i c  jump f r o m  the ini t ial  s ta te  (~0=/30, S 0) to an i n t e r m e d i -  
ate s ta te  {G2,132, $2) defined by the condi t ions  

E~ --  E o -~ [(p.~ + po)/21 (v. --  Vo) ~ 0,~ (4.1) 

P" = Po- -  w2(v2-  Vo), Y2 = ~2 = ~o" J 

The inequal i t ies  (1.7)-(1.9) [2] are  suff ic ient  to ensu re  that  (4.1) has  a unique solut ion (~2, /3s, 82) and in this  
ease  M 2 = [ w [/P2Cs would be s m a l l e r  than unity.  

Let  us  c o n s i d e r  now the por t ion  of  the curve  of  poss ib le  s t a t es  G(v), /3(v), S(v), where  v l -<v-<v2 .  Since 
M~=M~(v2) >1, the s t a t emen t s  f o r m u l a t e d  fo r  the subson ic  Case a re  val id  fo r  th is  por t ion ;  i .e. ,  M s <1 and 
/3 (v), 8(v), and x(v) a re  monoton ic  funct ions e v e r y w h e r e  in the in te rva l  v I -< v - v 2. This  p e r m i t s  the cont inuous 
ex tens ion  of  the solut ion fo r  a shock  wave beyond the e l a s t i c  jump.  
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5.  I n e q u a l i t i e s  f o r  an  E q u a t i o n  o f  S t a t e  o f  t h e  F o r m  E ( v ,  D, A ,  S) 

It is of in te res t  to r e fo rmu la t e  the inequali t ies  (1.7)-(1.9) for  an equation of state E =E(v,  D, A, S), which 
is f requent ly  used  in applicat ions [A =1/3  (d~ + dl+ d~)]. However,  the re laxa t ion  of tangent ia l  s t r e s s e s  as a 
resu l t  of p las t ic  deformat ions ,  c h a r a c t e r i z e d  by a re laxa t ion  t ime  v, occu r s  more  rapidly  the l a r g e r  the value 
of the tangent ia l  s t r e s s e s ,  i .e. ,  the l a r g e r  the values  of  D and A. As a r e su l t  of the essen t i a l ly  nonl inear  
c h a r a c t e r  of the dependence of ~- on the tangent ia l  s t r e s s e s  [1], in actual  p r o c e s s e s  

{dj] ,,-k ld.z[ 4- [d,I << 1, D < <  1, [AI << l .  

Under these  conditions by neglect ing the t e r m s  containing d i as fac tors ,  inequali t ies (1.7)-(1.9) can be 
wri t ten in the f o r m  

r = ED > O, c ~ = v ~ E ~  + (2/3) E~ > 0, ] 
l = vE~s < O, T = E s  > O, g = - -  ED < 0, l (5.1) 
q = - -  2ED + 2vE~o A- v 2 E ~  -? (4/3) Ea < 0, a ~ = v 2 E ~  > O. 

The inequali t ies 

E D > 0, E ~  > O, E~ s < O, EVD < 0, E~v~ < 0, E A < 0, 

which are  sa t i s f ied  for  interpolat ion fo rmulas  of the equations of s tate  E(v,  D, S) given in [3], a re  sufficient 
to ensu re  that (5.1) are  sa t i s f ied .  

The author thanks S. K. Godunov and E. I. Romenski i  for  t he i r  in teres t  in the work.  
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S H O C K  A D I A B A T S  O F  A L K A L I  H A L I D E  C R Y S T A L S  

V .  A.  Z h d a n o v  a n d  V .  V .  P o l y a k o v  UDC 539.21 

Nonpa rame t r i c  calculat ion of shock adiabats  makes  it possible  to re la te  s h o c k - c o m p r e s s i o n  p a r a m e t e r s  
of a m a t e r i a l  d i rec t ly  de te rminable  in exper iment  with p a r a m e t e r s  cha rac t e r i z ing  the ma te r i a l  on an a tomic  
level .  Es tab l i shment  of  such a re la t ionship  is a n e c e s s a r y  s tep in p r e l i m i n a r y  calculat ion of s h o c k - c o m p r e s -  
sion p a r a m e t e r s ,  which are  of  g rea t  s ignif icance in planning expe r imen t s  and in p rob l ems  involving cons t ruc -  
t ion with m a t e r i a l s  having given op t imum p r o p e r t i e s .  

Nonpa rame t r i c  calculat ion of shock adiabats  of alkali  halide c ry s t a l s  is of in teres t  because these  c r y s -  
t a l s  have been studied expe r imen ta l ly  in g rea t  detail,  allowing expe r imen ta l  ver i f ica t ion  of ca lcula t ions .  At 
the same t ime ,  if we cons ider  that  many inorganic ma te r i a l s ,  including s i ta l l s ,  g l a s se s ,  c e r a m i c s ,  and some 
explos ives ,  have ionic o r  p redominant ly  ionic bonds, study of alkali  halide c r y s t a l s  is n e c e s s a r y  t o b e a b l e  
to consider  the behav ior  of these  m a t e r i a l s  under s h o c k - c o m p r e s s i o n  conditions.  

The shock adiabat PF(V) can be ca lcula ted  with the fo rmula  [1] 

ex (v) + ~ (v) IEo -- v (V)llV (i) 
Pr (V) : l + 7 (v) Ii --  Vo/Vl/2 ' 
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